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THE CLASSIFICATION OF 4-DIMENSIONAL P-ADIC FILIFORM LEIBNIZ
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ABSTRACT. In this paper Leibniz algebras over the field of p-adic numbers are investigated and
4-dimensional p-adic filiform Leibniz algebras are classified.
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1. INTRODUCTION

The notion of Leibniz algebras was introduced in 90-th by J-L. Loday [6] as a "non antisym-
metric” generalization of Lie algebras. Later the structure theory of these algebras has been
investigated by various authors [1, 2, 3]. In these papers the Leibniz algebras were considered
over the field of complex numbers. During last decades various mathematical structures have
been considered over the field of p-adic numbers: p-adic functional analysis, p-adic differential
equations, p-adic probability theory, p-adic mathematical physics etc. The present paper is
devoted to study of finite dimensional Leibniz algebras over the field of p-adic numbers.

The classification of low dimensional algebras is an important step in investigation of finite
dimensional algebras. Recall that the description of finite dimensional complex Lie algebras has
been reduced to the classification of nilpotent Lie algebras, which have been completely classified
up to dimension 7. The problem of classification of complex Leibniz algebras has been solved for
dimensions up to 3. The description of 3-dimentional solvable p-adic Leibniz algebras [5] shows
that even in this case the list of 3-dimentional p-adic Leibniz algebras is essentially wider than
in the complex case.

In the present paper we describe p-adic filiform Leibniz algebras of dimension 4. Recall that
in the description of complex filiform Leibniz algebras it was sufficient to consider special type
basis transformations [2]. We modify some results of the complex case in order to describe p-adic
filiform Leibniz algebras.

2. PRELIMINARIES AND NOTATIONS

Let Q be the field of rational numbers and let p be an arbitary but fixed prime number. Each
n

rational number z # 0 is represented in the form xz = p"@) = where m € N, and n,y(z) € Z,
m

the integers m,n do not have p as a factor, i.e. pfm and p{n.
Equip the field Q by the following p-adic norm

0], =0, |z|, = p*V(x), x # 0.

The norm | |, satisfies the ultrametric inequality |z + y|, < maz(|z|p, |y|p), z,y € Q.
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The completion of the field Q in this non archimedean norm forms a field which is called the
field of p-adic numbers and denoted by Q) (see for details [4, 9]).

It is known that each p-adic number z # 0 can be uniquely expanded in the following canonical
form

z =p'@ (zo + x1p + z2p* + ...)

where v = y(x) € Z, x- integers such that 90 >0,0<z; <p—1, (j =1,2,...).

p-adic numbers z which satisfy |x|, < 1 are called p-adic integers. The set of all p-adic integers
is denote by Z,. p-adic integers x € Z, with |z|, = 1 are called p-adic units in Z,.

Recall that an integer x € Z is said to be quadratic residue modulo p if the equation

2% = a(mod p)

has a solution = € Z, otherwise a is called a quadratic non residue modulo p.
Now consider a p-adic number a € Q, (a # 0) with the canonical expansion

a :pv(a)(ao —|—a1p+ ...),CL(] > 0,0 é CLj EP— 17] = 1727""

Lemma 2.1. [9] The equation
?=a
has a solution x € Q, if and only if the following two conditions are satisfied:
1) ~v(a) is an even integer,

2) ag is a quadratic residue modulo p, if p # 2; a1 = ag =0, if p = 2.

Let 1 be a p-adic number which is not the square of any p-adic number (i.e. 7 has no square
root in Q). Then Lemma 2.1 implies

Corollary 2.1.[9] For p # 2, the numbers 1 = 1, €2 = p, €3 = pn have no square roots in
Qp. Every p-adic number x can be represented in one of the following four forms:

z=¢jyi, 0<j <3,
where y; € Qp and g9 = 1, €1 =1, €2 = p, €3 = pn have no square roots in Q.

Corollary 2.2.[9] For p = 2, the numbers €; € {2,3,5,6,7,10,14} (1 < j < 7) and their
mutual products have no square roots in the field of 2-adic numbers. Fach 2-adic number can be
represented in one of the following eight forms x = ejy?, where eg =1, y; € Qp, 1 < j < 7.

Now let us turn to Leibniz algebras.

Definition 2.1. An algebra L over a field F is said to be a Leibniz algebra if the multiplication
[, ] in L satisfies the following Leibniz identity

[z, [y, 2] = [[2,y], 2] — [[=, 2], 9],
forall x,y,z € L.

It should be noted that if a Leibniz algebra L satisfies the antisymmetricity condition [z, x] = 0
for every x € L, then the Leibniz identity coincides with the Jacobi identity. Therefore Leibniz
algebras are non antisymmetric generalizations of Lie algebras.

Given a Leibniz algebra consider the following sequence:

LY=L, L =[LF 1), k> 1.

Definition 2.2. An n-dimensional Leibniz algebra L is said to be filiform if dimL! = n — 1,
2<1<n.

It should be noted that this definition agrees with the definition of filiform Lie algebras.

Now define the natural gradation for a filiform Leibniz algebra L.

Put L; = L'/L**!, then dimL; = 2 and dimL; = 1,2 < 4 < n — 1. Consider the space
grL == L1 ® Lo & ... ® L,_1. In view of the inclusions [Li7Lj] C L™ it is easy to see that
[Li, Lj] C Li4j, i.e. one has a gradation.
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Definition 2.3. A filiform Leibniz algebra L is said to be naturally graded if L = grL.

From now on we shall consider Leibniz algebra over the field Q, of p-adic numbers, i.e. p-adic
Leibniz algebras.
A careful analysis of the results in [2, 3] and [5] shows that similar to the complex case, the
p-adic filiform Leibniz algebras are divided into three disjoint classes of algebras.
Theorem 2.1. In an arbitrary n-dimensional p-adic filiform Leibniz algebra there exists a
basis {e1, €, ..., en} such that the multiplication in this basis has one of the following three forms:
a)Fy @ [er,e1] = e3, [ei, e1] = eipa, 2<i<n-—1,
le1,e2] = ageq + ases + ... + ap_1en—1 + Oeyp,
lej,e2] = quejio +asejys + .o+ anyojen,  2<j<n-—2,

where a;, 0 € Q, and the omitted of products are equal to zero;

b)FZ: [e1,e1] = e3,[ei e1] = eit1, 3<i<n-—1,
[e1, 2] = Baeq + Bses + ... + Bren, [e2, e2] = ven
lej, 2] = Baejro + Bs€j43 + ... + Bnta—jén, 3<j<n-2,

where 3;,v € Q, and the omitted products being zero;

O)F; e e1] = eit, 2<i<n—-1,
le1, €i+1] = —€iq1 3<i<n—1,
le1,e1] = O1en, [e1,e2] = —es + Oaen, [e2, e2] = b3,
[e2,e] = —[ej, e2] € {ej12, €43, ., en} 3<j<n-2,
[61,6]] [ej7ei] S {€i+j7€i+j+1v e n 3<i< [g]ﬂ <jsn-—zt,

where 0; € Q, and the above products satisfy the Leibniz identity.

Definition 2.4. Define the following types of basis transformation:

He — (o's vy 00— )
) fle a—+bles +b(0 —ay)en_1,
@0 =4 Fern) = [f(en), flen)) T acicno
fles) = [f(ex), f(e)], a(a +b) # 0,
f(e1) = aieq +blzll€27
§(a,b,d) = f(e2) —d€2—ien 15

( a
fleir1) = [f(ei), fler)], 3<i<n-—1,
f(€3 [ ( )7f(el)]7 ad7£07

where a,b,d € Q.

The investigation of filiform Leibniz algebras over the field of p-adic numbers similarly to the
complex case can be reduced to the study of the transformations ¢ and J respectively for the
first and the second classes of algebras from Theorem 2.1.

3. CLASSIFICATION OF 4-DIMENSIONAL p-ADIC FILIFORM LEIBNIZ ALGEBRAS

Let 1 be a p-adic unit, which has no square root in Q,.
Lemma 3.1. For any p > 3 the square root \/4 + p?ec exists in Qp, where ¢ € {1,n,p,pn}.
The square root /4 + 8%¢ exists in Qq, where ¢ € {1,2,3,5,6,7,10,14}.



158 TWMS J. PURE APPL. MATH., V.1, N.2, 2010

Proof. Let p > 3. We have to show that /4 + p?c exists in Q,, where ¢ € {1,n,p,pn}.
Consider the canonical expansion of the number &:

e=p"(eg +e1p + e2p? + ...), (1)

where y(e) € Z, 9 > 0,e € {0,1,2,...,p—1},i= 0,1, ....
Then

A4 p*e =44+ PP (eg +e1p+eop® + ..). (2)

If p#2, e € {1,n,p,np}, the numbers 1 and 7 are p-adic units, i.e. |1|, = |n|, = 1. Therefore
. I .. .
the numbers p and pn are integers and |p|, = |np|, = —. Since p and np are p-adic integers, (¢)
p

is equal either to 0 or to 1.
Let p = 3. Then rewrite the expansion (2) in the form:

A4+ 3% =1+3+32E) (g + 613+ 6932+ ..)).

By Lemma 2.1 the equation 22 = 1(mod 3) is solvable in Z, namely 2 = 3N +1, N € Z.

Therefore /4 + p?e exists in Q,.
Let p > 5, then

A4 p*e =44+ p?P O (eg +e1p+eop® + ..).

Lemma 2.1 implies that the equation 22 = 4(mod p) has a solution in Z, namely z = pN + 2,

N € Z. Therefore \/4 + p%e exists in Q.
Let p = 2 and let us show that v/4 + 82¢ exists in Q, where ¢ € {1,2,3,5,6,7,10,14}. Since 1,
1
3, 5, 7 are p-adic units and 2, 6, 10, 14 are p-adic integers (|2|, = |6], = 10|, = |14], = 5 < 1),

2
we have that in the expansion

€= pV(E)(eo +eip+eap® + )

the integer 7(e) is equal either to 0 or to 1. Therefore the existence of v4 + 8% follows from
Lemma 2.1.

Now recall the notion of decomposable Leibniz algebra. An algebra L is said to be decom-
posable, if there exist two subalgebras N and M in L such that L = M & N and [M,N] =
[N, M] = {0}. Therefore the classification of decomposable Leibniz algebras can be reduced
to lower dimensional cases. So from now on we shall consider only non decomposable Leibniz
algebras.

The following theorem gives a classification of non decomposable 4-dimensional p-adic filiform
Leibniz algebras.

Theorem 3.1. An arbitrary 4-dimensional filiform non decomposable Leibniz algebra is isomor-
phic to one of the following pairwise non-isomorphic algebras:

L1 : [61,61] = €3, [61,62] = €4, [62,61] = €3, [63,61] = €4,

L2 : [61,61] = €3, [62,61] = €3, [63,61] = €4,

L3 . [61,61] = €3, [61,62] = €4, [63,61] = €4,

Ly [e1,e1] = €3, [e2,e1] =3, ler,ea] =eq, [ez,e1] = e,
[62762] = €4,

Ls: le1,e1] =e3, [ez,e1] =e3, [es,er] =es, [e2,e2] = ey,

Le(e) : ler,e1] =e3, [e3,e1] = e, [e2, 2] = cey,
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L7 : [62, 61] = €3, [61, 62] = —es, [63, 61] = €4, [61, 63] = —€4,
Lg : [61, 61] = €4, [62, 61] = €3, [63, 61] = €4, [61, 62] = —e3,
le1,e3] = —eq,
Ly : [61761] = €4, [62,61] = €3, [63,61] = €4, [61,62] = —e3 + eq4,
le1,e3] = —eq,
Lo : le1,e1] =eq, ez, e2] =eq, ez, e1] =e3, [e1,ea] = —e3 + 2ey,
[637 61] = €4, [61, 63] = —€4,
Lii(e) : [er,e1] =eq, ez ea] =es, [ea,e1] =3, [e1,e2] = —e3 + V4 + a?eey,
les,e1] =eq,  [e1,e3] = —eu,

where ao =p and e € {1,n,p,pn} if p #2; a =8 and € € {1,2,3,5,6,7,10,14} if p = 2.

Proof. Let L be a 4-dimensional p-adic filiform Leibniz algebra. By Theorem 2.1 there exists
a basis {ej, e, e3,e4} in which the algebra has one of the following three forms:

El: [er,e1) =es, ler,ea] =es, [e2,e1] =e3, [ea,ea] =eq, [e3,61] = eq.

F2: ler,e1] =e3, [e1,e2] =e4, [ea,ea] =eq, le3,e1] = eq.

F3: ler,e1l] =eq, [ea,ea] =eq, [ea,e1] =e3, [es,e1] =es, [e1,e2] = —e3+ eq,
le1,e3] = —eq.

Consider the algebra F 41. Based on properties of the transformations ¢ and ¢ from Theorem
2.1 consider the following change of the basis:

61 = aeq + beo,

ey = (a+Db)ez + b(a — P)es,

es = [eh, el = [(a+ b)ea + b(aw — B)es, aer + bea] = ala + b)es + (a(a — B) + bB(a + b))ea,

e, = [63, ei] = [ala + b)es + (a(a — B) + bB(a + b))es, aey + bea] = a®(a + b)ey,

where a?(a + b) # 0.

Writing down the multiplication in the algebra from the class F}] in the new basis, and
comparing the coefficients of the basic elements {eq, €2, €3, €4} we obtain the following relations:

oa®? = aa+ Bb and fa® = B(a+b).

Case 1 Let 3 =0, then #/ =0 and o/a = a.
If & # 0, then putting a = «, we obtain ¢/ = 1 and come to the algebra L;.
Otherwise, i.e. if & = 0, we have o/ = 0 and obtain the algebra Ls.

2 2 _
Case 2. Let 3 # 0. Then putting b = % —a, we obtain # =1 and o = w.
a

If « = 3, then o/ = 1 and we obtain the algebra Ls.
If o # [3, then putting a = 8 — a we have o/ = 0 and come to the algebra L.

Now let us consider the class of algebras F?. By considering the transformations ¥ and & for
the classes a) and b) from Theorem 2.1 take the change of basis in the form:

el =ae; + b€2,

6’2 = cey — ba " les,

63 [eh, e]] = (a61 + bea)(cea — ba~tes) = a’es + b(aa + Bb)ey,

el = [e}, e}] = (a®e3 + b(aa + Bb))es)(aer + bea) = ageq, where a® # 0.

Writing down the multiplication in the algebra from the class F? in the new basis and com-
paring the coefficients of the basic elements {ej, e, €3, €4} we obtain the following relations:

oa® = c(aa + b) and Fa® = 2.

Case 1. Let 8 =0. Thenﬂ’—Oandaa = ca.
If « = 0, then we have o/ = 0 and obtain the algebra with the product

le1,e1] = es, [e3, e1] = eq.

It is easy to see that this algebra is decomposable.
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2
If a # 0, then putting ¢ = a—, we have o/ = 1 and we obtain the algebra Ls.
e

Case 2. Let 8 # 0. By Corollaries 2.1 and 2.2 the parameter % can be represented in
a
3

j
e€{1,2,3,5,6,7,10,14} if p = 2. Thus we obtain the algebras Lg(e), which are mutually non
isomorphic for different e.

1
the form s = ey]z. If we take ¢ = —, then ' = ¢, where ¢ € {1,n,p,pn} if p # 2; and
a Yi

Now consider the third class of algebras Fj.

If (o, 8,7) = (0,0,0), then this algebra is a Lie algebra and we have the case Ly.

Suppose that (a, 3,7) # (0,0,0). If & = 0, then (3,v) # (0,0) and by changing the basis as
€] = e1 + Aey we have [e1,e1] = A(B + Av)eq # 0, i.e. given any 3, v there exists A # 0 such
that 8+ A~ # 0. Therefore without loss of generality we may assume that a # 0.

So let a # 0. Then by changing the basis as

! ! /2 /3
e] = aej, ey = aer,e3 = aez, ey = ey,
we obtain « = 1 and the multiplication has the form
le1,e1] = eu, [e2, €1] = e3, [e2, ea] = ey, [e1, €2] = —e3 + Peu,

[63, 61] = —[61, 63] = €4. (3)

Let us consider the problem of mutual isomorphism of algebras from this family. Take a
general change of basis:

6/1 = A161 + A262 + A3€3,

6/2 = Bje1 + Bseo + Bses,

eg = [6/2, 6’1} = [Bye1+ Baea+ Bses, Aje1 + Agsea+ Ases] = (A1 By — A Bi)es+ (A1 B1+ A1 B3+
BAsB1 + aAs By — A3Bi)ey,

62 = [65, e,ﬂ = [(A1BQ - AQB1)63 + (AlBl +A1Bs+ BAsB1 +aAs By — A331)64, Ajey+ Ases +
A3€3] = Al(A1BQ — A231)64, where Al(AlBQ - BlAl) 75 0.

Writing down the multiplication in the algebra from the family (3) in the new basis and
comparing the coefficients of the basic elements {e1, e2, e, e4}, we obtain the following relations:

A3 4+ BA1 Ay + aA3 = A3By, By =0, AIBy #0,

o — By r_ A8+ 2A5a
A3 A3 '

It is easy to calculate that

12 4o = i 2 _ )
5 (8~ 10)
Case 1. Let a = 0, then o/ = 0.
Subcase 1.1. If 3 = 0, then 3 = 0 and we obtain the algebra Lg.
Subcase 1.2. If 3 # 0, then putting A1 = 3, By = 1, Ay = 0 we have 8/ = 1 and we come

to the algebra Lg.
2

A
Case 2. Let a # 0. Then putting By = —%, we obtain o/ = 1.
o

1
Subcase 2.1. If 32 — 4a = 0, then putting Ay = 5 (2A%2 — A;3) and A; # 0, we have 3/ = 2

2a
and obtain the algebra Ljg.
Subcase 2.2. If 32 — 4a # 0, then by Corollaries 2.1 and 2.2 it follows that 5% — 4«

can be represented as (% — 4o = ey]z, where y; € Qp. Since the square roots /4 + p?c and
V4 + 82¢ exist respectively in Q, and Q2 by Lemma 3.1, then by putting A; = Y and Ay =
o



SH.A. AYUPOV, T.K. KURBANBAEV: THE CLASSIFICATION OF 4-DIMENSIONAL P-ADIC ... 161

1 9?2 A
2ﬂ(yJQ 4 + p2%e — ’yy—]), we obtain 7/ = /4 + p?e, where € € {1,n,p,np} for p # 2. If = 2,
a a
. 1 42 .
then by putting Ay = Y and Ay = 25(%2 4+ 82 — ’yy—]), we obtain v/ = /4 + 82¢, where
o a o

e € {1,2,3,5,6,7,10,14}. Therefore we have the algebra Lii(¢). The proof of Theorem 3.1 is
complete.

Remark. In the complex case one has almost a similar list of 4-dimensional filiform Leibniz
algebras [1]. The main difference is that in the p-adic case we have two additional algebras Lg(¢)

and Ly (¢).
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